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Enhanced Nucleocytoplasmic Transport due to
Competition for Elastic Binding Sites
Ben Fogelson1,* and James P. Keener1
1Department of Mathematics, University of Utah, Salt Lake City, Utah
ABSTRACT Nuclear pore complexes (NPCs) control all traffic into and out of the cell nucleus. NPCs are molecular machines
that simultaneously achieve high selectivity and high transport rates. The biophysical details of how cargoes rapidly traverse the
pore remain unclear but are known to be mediated by interactions between cargo-binding chaperone proteins and natively
unstructured nucleoporin proteins containing many phenylalanine-glycine repeats (FG nups) that line the pore’s central channel.
Here, we propose a specific and detailed physical mechanism for the high speed of nuclear import based on the elasticity of
FG nups and on competition between individual chaperone proteins for FG nup binding. We develop a mathematical model
to support our proposed mechanism. We suggest that the recycling of nuclear import factors back to the cytoplasm is important
for driving high-speed import and predict the existence of an optimal cytoplasmic concentration of cargo for enhancing the rate of
import over a purely diffusive rate.
INTRODUCTION
The defining feature of eukaryotic cells is the nucleus, which
physically segregates genetic material from the machinery of
protein synthesis (1). The nuclear pore complex (NPC) con-
trols all traffic between the cytoplasm and the nucleus,
allowing cells to regulate the transmission of material and
information (1–3). Transport through the pore is highly selec-
tive, with only specificmacromolecules allowed through, and
fast, with�1000molecules per pore per second and a typical
transit time of �10 ms per molecule (4,5). Achieving both
speed and specificity presents a fundamental design challenge
and raises one of the essential questions in nucleocytoplasmic
transport: how does the cell construct a gate that is at once an
accurate filter and a high-speed conduit?

The NPC is an enormous molecular machine with a mass
of �50–150 MDa, constructed from repeated copies of a
group of proteins called nucleoporins (nups) that assemble
into an eightfold-symmetric structural scaffold surrounding
a central channel (5–7). This channel spans the nuclear
envelope (NE), with a diameter of �35–75 nm (6–8) and
an effective length of �200 nm, which includes the
�75–90 nm distance across the NE as well as nucleoporins
that extend from the central scaffold on both the cytoplasmic
and nuclear sides (8–10).
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Tethered to the inside wall of the channel are a family of
dynamic, natively unstructured nucleoporins with numerous
phenylalanine-glycine repeat regions, collectively called FG
nups, which are key to the regulated-transport properties of
the pore (2,11). Small particles such as water, sugars, and
ions can freely diffuse around the FG nups and through
the channel. However, above a size threshold of � 40 kDa
(�5 nm in diameter for spherical particles), the FG nups
form a barrier that strongly impedes the motion of macro-
molecules in a size-dependent manner (7,12–14).

To overcome this barrier, cargo particles destined for nu-
clear import exhibit specific binding sites called nuclear
localization signals (NLSs) for members of the karyopherin
family of proteins (15,16). These proteins are chaperones
that bind weakly, reversibly, and multivalently to FG nups,
allowing the cargo-chaperone complex to enter and transit
the pore (2,13,17). The classical karyopherin involved
in nuclear import is the import recepter karyopherin-b1
(Kapb1, also called importin-b) (18). Kapb1 does not
directly bind cargo but rather recruits an adaptor protein
called karyopherin-a (Kapa), that binds to both NLS cargo
and to Kapb1 (19).

Kapb1-facilitated transport allows cargo to bind to FG
nups and move through the pore from the cytoplasmic to
the nuclear face. Once at the nuclear face, cargo is released
into the nucleus by the GTPase Ran, which is maintained as
RanGTP at high concentrations in the nucleus and as
RanGDP in the cytoplasm (20–23). RanGTP binds to
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Enhanced Nucleocytoplasmic Transport
Kapb1, inducing a conformational change that causes the
dissociation of Kapa and the cargo from Kapb1-RanGTP
(24,25). Remarkably, the only part of nuclear import that
uses energy is the active maintenance of the RanGDP–
RanGTP gradient across the NE. The direct steps of chap-
erone binding, pore transit, and cargo release are entirely
thermally driven (23,26). Fig. 1 a summarizes the nuclear
import process. Interesting kinetic models based on these
steps have been developed (27–29), which treat the nuclear
pore as an enzyme facilitating the Ran-driven transition of
molecules between cytoplasmic and nuclear states.

Although the above description of nuclear import is well-
accepted, the detailed biophysical mechanism by which
Kapb1 allows the cargo-chaperone complex to overcome
the FG nup barrier remains unclear. The essential question
is how the FG nups can serve as an effective barrier to
most macromolecules while allowing the rapid transit of
cargo-chaperone complexes. Several conceptual models
have been proposed. The selective phase model suggests
that bonds between FG repeats form a reversible hydrogel,
through which Kapb1 ‘‘melts’’ a path by preferentially bind-
ing to FG repeats and locally dissolving the gel (5,14,30).
The entropic gate model proposes that the thermal fluctuation
of FG nups present an energy barrier to nonspecific macro-
molecule diffusion that is overcome by the binding affinity
a

b

FIGURE 1 Schematic representation of nuclear import. (a) Side view of

NPC showing nuclear import is shown. NLS cargo-Kapa-Kapb1 complex

transits the FG nup-filled central channel of the pore from the cytoplasmic

face to the nuclear face. RanGTP in the nucleus dissociates the complex

into free NLS cargo, free Kapa, and a Kapb1-RanGTP complex that

returns to the cytoplasm. (b) A physical model of the pore as a one-

dimensional domain containing elastic FG repeat tethers that bind to both

NLS cargo-Kapa-Kapb1 and Kapb1-RanGTP is shown. To see this figure

in color, go online.
of Kapb1 for FG repeats (26,31). In the reduction of dimen-
sionality model, Kapb1 and cargo-Kapb1 complexes bind to
a surface layer of FG nups, allowing them to diffuse through
the pore in two dimensions rather than three (32). More
recent hybrid models have proposed that nuclear transport
involves a combination of these effects (33–36).

In this article, we propose a mechanism for cargo trans-
port that is fundamentally different than any of the models
above. This is motivated by recent experimental results
showing that cargo-Kapa-Kapb1 complex has a 10-fold
higher affinity for FG repeats than Kapb1-RanGTP (37).
This affinity difference has a profound effect on the height
of the FG nup layer lining the NPC channel, on the perme-
ability of the pore, and on its specificity, all of which lead
the authors to suggest a ‘‘Kap-centric’’ regulatory view of
nuclear transport (37–39).

We argue that this affinity difference does more than just
regulate the pore’s permeability and specificity: it also leads
directly to enhanced rates of cargo transport through the
pore. This enhancement is driven by competition between
different Kapb1-containing complexes for binding to a
limited number of FG repeats. The unstructured nature of
FG nups means that the location of each FG repeat fluctuates
about an equilibrium position. We show mathematically that
this combination of spatial fluctuations and competition
for binding can drive an enhanced flux of cargo through a
model pore.

We develop a simple continuum model of transport
through the nuclear pore that explicitly accounts for binding
between Kapb1 and FG repeats as well as the fluctuating
position of FG repeats. We determine the conditions under
which our model predicts enhanced cargo transport and
show that those are in fact the biologically realistic condi-
tions. We compare our results to previous modeling work
and, most importantly, we propose a straightforward exper-
iment to test our model.
METHODS

We develop a one-dimensional continuum model of cargo import

through the nuclear pore. This translocation is mediated by the frequent

and reversible binding of Kapb1-containing complexes to individual FG

repeats. We argue that two effects are particularly important: 1) the

dynamic, unstructured nature of FG nucleoporins, which leads to spatial

fluctuations in the position of FG repeats, and 2) competition between

different complexes for binding to FG repeats.

We construct the model for the simple case where there are two popula-

tions of Kapb1 complexes resident in the pore: NLS cargo-Kapa-Kapb1

complex with linear density uðxÞ and Kapb1-RanGTP with linear density

vðxÞ, where x is position in the axial direction along the central channel.

In the following, we refer to particles of u as ‘‘cargo complexes’’ and to v

as ‘‘returning-chaperone complexes.’’
FG repeats modeled as linearly elastic tethers

We model each FG repeat domain as a mobile binding site anchored

by a linear spring to a particular location along the channel, as shown
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schematically in Fig. 1 b. This is motivated by the fact that because the FG

nups are unstructured, the location of any individual subdomain will fluc-

tuate about a minimum energy position. In what follows, we call these

FG repeat domains ‘‘tethers.’’ We emphasize that these elastic tethers do

not represent full FG nups, but rather individual FG subdomains—of which

each FG nup has many—to which u and v can bind.

The mobility of tethers means that binding can be nonlocal. We show

(see Appendix A) that the on rate for binding between a complex at position

x and a tether anchored at y is a function of the distance y� x between them,

given by

kþðy� xÞ ¼ kþ0

ffiffiffiffiffiffiffiffiffiffiffiffiffi
k

2pkBT

r
exp

�
� k

2kBT
ðy� xÞ2

�
; (1)

where k is the tether’s elastic spring constant.

Many binding and unbinding events happen on the timescale of nuclear

transport. Thus, we can use a steady-state approximation (see Appendix B

for details) to estimate the fraction of time pu that a tether at y spends bound
to a complex at x:

puðx; yÞ ¼ Kuðy� xÞuðxÞ
1þ RN

�N
uðzÞKuðy� zÞdzþ RN

�N
vðzÞKvðy� zÞdz:

(2)

The distance-dependent equilibrium constants are Kuð,Þ ¼ kþu ð,Þ=k�u
and Kvð,Þ ¼ kþv ð,Þ=k�v . The expression for pv is analogous.

Note that Eq. 2 gives the fraction of time that a complex at x spends

bound to an isolated tether at y. If more than one tether is present in the

pore, the binding states of those different tethers will be correlated. Here

we ignore these correlations and interpret Eq. 2 as a mean-field approxima-

tion to the fraction of time a tether at y spends bound to a u complex at x,

even in the presence of other tethers. We do not know how strongly this

approximation influences the overall result. An important extension of

our model would be to account for these correlations.
Flux of u and v

When a tether at y is bound to a complex at x, the complex feels a force

kðy� xÞ due to the elastic deformation of the tether. Let rðyÞ be the

linear density of tethers at location y. Using Eq. 2, the expected total force

on all u complexes at position x is thus

FuðxÞ ¼
Z N

�N

rkðy� xÞpuðx; yÞdy

¼
Z N

�N

rkðy� xÞuðxÞKuðy� xÞdy
1þ RN

�N
uðzÞKuðy� zÞdzþ RN

�N
vðzÞKvðy� zÞdz:

(3)

The crowded environment of the pore means that we expect the spring

constant k for an individual FG repeat to give a mean-squared displacement

length
ffiffiffiffiffiffiffiffiffiffiffiffi
kBT=k

p
that is much smaller than the length of the pore, which is the

scale over which we expect u and v to vary. This fact, coupled with the

definition of kþ in Eq. 1, allows us to approximate the integrals in Eq. 3

(see Appendix C):

FuðxÞzkBTK
0
uuðxÞ

d

dx

�
rðxÞ

1þ K0
uuðxÞ þ K0

v vðxÞ
�
; (4)

where K0
u ¼ kþu;0=k

�
u and K0

v ¼ kþv;0=k
�
v .

For the remainder of the article, we take the tether density r to be con-

stant, so that the force becomes
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FuðxÞz� rkBTK
0
uuðxÞ

u0ðxÞK0
u þ v0ðxÞK0

v�
1þ uðxÞK0

u þ vðxÞK0
v

�2: (5)

This force will cause the u complexes to move. Let zu be the viscous drag

per complex. Then the flux of u due to tether elasticity is simply Fu=zu.

We also expect the particles to undergo regular Fickian diffusion with

flux � Duvu=vx. Using the Stokes-Einstein relation, which tells us that

zu ¼ kBT=Du, the total flux is

JuðxÞ ¼ �Du

 
u0ðxÞ þ rK0

uuðxÞ
u0ðxÞK0

u þ v0ðxÞK0
v�

1þ uðxÞK0
u þ vðxÞK0

v

�2
!
:

(6)

Note that the spring constant k entirely disappears from the expression

for the flux. This is surprising, given that the entire mechanism for gener-

ating flux is due to the spring restoring force. The value of k is important

insofar as our results are only valid for
ffiffiffiffiffiffiffiffiffiffiffiffi
kBT=k

p
much less than the length

of the pore. In this limit, however, only the density r of tethers and the

chemical on and off rates control the magnitude of flux enhancement.
Boundary conditions

The expression for the flux Ju in Eq. 6 and the analogous expression for Jv
lead naturally to a boundary-value problem describing steady-state nuclear

import (see Appendix D). The appropriate boundary conditions are

uð0Þ ¼ u0; uðLÞ ¼ 0; (7)

vð0Þ ¼ 0; JuðLÞ ¼ �JvðLÞ: (8)
Here L is the length of the NPC channel, with x ¼ 0 at the cytoplasmic

face and x ¼ L at the nuclear face. Recall that u and v are, respectively,

the densities of cargo and returning-chaperone complexes. The conditions

on the left represent a constant cytoplasmic pool of cargo complexes and

fast absorption of returning chaperones. The absorbing boundary condition

uðLÞ ¼ 0 gives fast release of cargo by RanGTP, although the flux balance

condition JuðLÞ ¼ �JvðLÞ converts each exiting cargo complex into a

returning-chaperone complex.
Rescaling

It is straightforward to rescale the model (see Appendix E) so that the pore

runs from x ¼ 0 (cytoplasm) to x ¼ 1 (nucleus), and so that the results

depend on only four non-dimensional parameter combinations: dv ¼
Dv=Du, ku ¼ K0

ur, kv ¼ K0
vr, and u ¼ K0

uu0. For convenience in the

following analysis, we also define the non-dimensional tether density scale

a and define parameters lu ¼ ku=a and lv ¼ kv=a. This allows us to study

the effect of tether density on nuclear transport as the reaction rates remain

fixed. In the following, we set lu ¼ 1 and vary the tether density a and the

ratio of returning-chaperone to cargo complex affinities lv.

In non-dimensional variables, the steady-state system for the concentra-

tion profiles u and v and fluxes Ju and Jv is

JuðxÞ ¼ �u0ðxÞ � aluuðxÞ u0ðxÞ þ v0ðxÞ
ð1þ uðxÞ þ vðxÞÞ2; (9)

u0ðxÞ þ v0ðxÞ

JvðxÞ ¼ �v0ðxÞ � alvvðxÞ ð1þ uðxÞ þ vðxÞÞ2; (10)
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J0 ðxÞ ¼ 0; (11)
u

J0vðxÞ ¼ 0; (12)
uð0Þ ¼ u; uð1Þ ¼ 0; (13)
lu

vð0Þ ¼ 0; dvJvð1Þ ¼ �

lv
Juð1Þ: (14)

For the remainder of the article, our discussion focuses on this rescaled

model unless otherwise noted.
b

FIGURE 2 Enhanced nuclear flux of cargo complexes as FG repeat

density increases. (a) The density of u (blue) and v (orange) from x ¼ 0
RESULTS

To measure the effect of tether binding on nuclear transport,
we compare the cargo flux Ju to the flux J

0
u in the absence of

binding. The quantity J0u is easy to calculate analytically by
setting a to 0 in Eqs. 9, 10, 11, 12, 13, and 14 In this case,
the cargo profile is uðxÞ ¼ uð1� xÞ and the flux is simply
J0u ¼ u. We call the ratio Ju=J

0
u the flux enhancement, since

this gives the relative increase of cargo transport due to
elastic tether binding.
(cytoplasm) to x ¼ 1 (nucleus) is shown. (b) Flux enhancement (ratio of

steady-state flux of u to the flux in the absence of binding) as a function

of the tether density scale a. All results are for parameter values dv ¼ 1,

lu ¼ 1, lv ¼ 0:1, and u ¼ 1. To see this figure in color, go online.

Cargo flux increases with tether density

Our model predicts that the flux of cargo into the nucleus is
substantially enhanced by competition for tether binding.
Fig. 2 shows this enhancement as the non-dimensional
tether density a increases, with Fig. 2 a showing typical con-
centration profiles of u and v across the pore and Fig. 2 b
showing the flux enhancement as a function of a. The results
in Fig. 2 are for parameter values lu ¼ 1, lv ¼ 0:1, dv ¼ 1,
and u ¼ 1. This corresponds to the physiological case where
cargo complexes have a 10-fold higher affinity for tethers
than the returning-chaperone complexes (37), and where
the diffusion coefficients of the two complexes are the
same. We estimate (see Appendix F) that the parameter a
is between 100 and 106. In this parameter regime, the model
predicts that binding leads to between a fourfold and five-
fold enhancement in the rate of cargo import.
High chaperone diffusivity and low chaperone
binding affinity are required for enhanced
transport

Traveling and binding of the returning-chaperone complex v
are important for cargo flux enhancement. Fig. 3 shows how
flux enhancement depends on the binding affinity lv and the
diffusion coefficient dv. In Fig. 3 a, we see that in order for
the flux of u to increase, v must have a low binding affinity.
In Fig. 3 b, on the other hand, we see that v’s diffusion co-
efficient must be large. In fact, what matters is the size of
these parameters relative to each other and to u’s affinity
lu and diffusivity 1. The combined effect of both lv and
dv on enhancement is shown in Fig. 3 c, which shows a color
plot of the enhancement as well as the line Ju=J

0
u ¼ 1. For

flux to be enhanced, dv must be large enough compared to
lv so that we are to the left of that line. Physiologically,
we expect parameters to be in the upper left portion of the
plot in Fig. 3 c, as shown by the orange X. This corresponds
to a roughly 10-fold lower affinity of v for tethers than u. We
expect that v may diffuse slightly faster than u, depending
on the size of the cargo, but that their diffusion coefficients
should be similar.

For the physical pore, we expect parameters to be in the
regime where flux is enhanced. As already noted, previous
experiments have shown that lv=luz0:1. The non-dimen-
sional diffusion coefficient dv was defined as a ratio of
dimensional diffusion coefficients, dv ¼ Dv=Du. Since the
cargo complex u is larger than the returning-chaperone com-
plex v, we expect Dv >Du and so dv > 1.
Flux is non-monotonic in cytoplasmic cargo
concentration

Interestingly, the model predicts the existence of an optimal
cytoplasmic cargo concentration for maximal enhancement.
Fig. 4 shows that the rate at which flux enhancement in-
creases with a is controlled by the cytoplasmic concentra-
tion u. In Fig. 4 a, we show flux enhancement as a
function of tether density for different choices of u. Note
that the sharpest a-dependence is for u ¼ 1, whereas the
Biophysical Journal 115, 108–116, July 3, 2018 111
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FIGURE 3 Effect of v’s diffusion coefficient and binding affinity on flux

of u. (a) Flux enhancement as a function of v’s binding affinity for dv ¼ 1,

a ¼ 100, lu ¼ 1, u ¼ 1 is shown. (b) Flux enhancement as a function of

v’s diffusion coefficient for lv ¼ 1, a ¼ 100, lu ¼ 1, u ¼ 1 is shown. (c)

Flux enhancement as a function of both lv and dv for a ¼ 100, lu ¼ 1,

u ¼ 1 is shown. The orange X shows the approximate physiological region,

with roughly 10-fold lower affinity and similar or slightly faster diffusion

of returning-chaperone complex compared to cargo complex. In all

three plots, a ¼ 100, which corresponds to the low end of the estimated

physiological range for the non-dimensional tether density (see Appendix).

In all three plots, the dashed line shows the line of no net enhancement,

Ju=J
0
u ¼ 1. To see this figure in color, go online.

a

b c

d

FIGURE 4 Cargo transport enhancement is non-monotonic in cyto-

plasmic cargo concentration. (a) Flux enhancement of cargo u as a function

of tether density a for varying cytoplasmic cargo concentrations u is shown.

Note especially that u ¼ 1 (red) exhibits faster saturation than u > 1 or

u < 1. (b) Tether density a1=2 is shown, at which the flux enhancement

Ju=J
0
u is half its maximal value. Plots in (a and b) are for dv ¼ 1, lu ¼ 1,

and lv ¼ 0:1. (c) Effective diffusion coefficient of u as a function of local

concentration in the absence of v, calculated as the coefficient of u0 in the

flux expression Ju ¼ � ð1þ u=ð1þ uÞ2Þu0, is shown. (d) Absolute flux

of cargo as a function of cytoplasmic cargo concentration with no tether

enhancement (blue) and with enhancement (orange) is shown. To see this

figure in color, go online.
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enhancement saturates much more slowly in a for both
larger and smaller values of u.

Since the enhancement saturates as a increases, we can
characterize the enhancement’s a-dependence by calcu-
lating the tether density a1=2 at which enhancement is at
half of its saturating value. This is in analogy to computing
the Michaelis constant in enzyme kinetics, which deter-
mines the concentration at which an enzymatic reaction
proceeds at half its maximal rate. Fig. 4 b shows that a1=2

is non-monotonic in u, and that there is a particular value
of u at which saturation is fastest.

We can intuitively understand this non-monotonicity by
considering the flux of u in the absence of v. When v ¼ 0,
Ju ¼ � u0 � aluuu

0=ð1þ uÞ2. This can be interpreted as
a non-linear diffusive flux with the concentration-dependent
diffusion coefficient 1þ aluu=ð1þ uÞ2. The first term is
simply standard Fickian diffusion (recall that we have
rescaled our model so that u’s diffusion coefficient is 1),
112 Biophysical Journal 115, 108–116, July 3, 2018
and the second term is enhanced diffusion of u due to
self-competition for elastic tethers. This diffusion coeffi-
cient has a maximum at u ¼ 1, as shown in Fig. 4 c.

The physical interpretation here is simple. For low values
of u, diffusion is enhanced by competition for tethers. For
large u, however, the fraction of time a tether spends bound
to any particular u becomes negligible, and so the elastic force
on each individual u vanishes. The same intuition is useful for
understanding the non-monotonicity ina1=2 as u increases.As
the cytoplasmic cargo concentration increases, a large tether
density a is required for the elastic force per cargo to be
non-negligible. Here, however, the effect is not purely
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diffusive. The competition between u and v for the same pool
of tethers means that v can drive an advective flow of u.
DISCUSSION

Model interpretation

We can understand the mechanism for flux enhancement by
thinking of nuclear transport as a flow driven by the gradient
of a chemical potential. The flux of u in Eq. 9 can be
written in terms of a (non-dimensional) chemical potential
as JuðxÞ ¼ � uðxÞvmu=vx, where muðxÞ ¼ loguðxÞ� alu=
ð1þ uðxÞþ vðxÞÞ. The first term in this potential is the stan-
dard chemical potential for a diffusing species. The second
term is an additional potential arising from tether binding.
This second term means that the potentials for u and v are
coupled: a gradient in the concentration profile of species v
will alter the gradient of the chemical potential for species u,
and vice versa.

Intuitively, the cargo complex u is moving up a dynami-
cally generated affinity gradient. The higher concentration
of returning-chaperone complexes near the nuclear face of
the pore, coupled with the higher affinity of cargo com-
plexes for FG repeats, makes it more energetically favorable
for a cargo complex to bind to an FG repeat that moves it
toward the nucleus than to one that moves it back toward
the cytoplasm. In turn, elastic fluctuations of the FG nups
allow the cargo complexes to bind to distant FG tethers,
thus making it physically possible for the cargo to move
up the affinity gradient.

Previous work supports the existence of an innate affinity
gradient that is set up by the distribution of different FG
nups along the pore (40,41). Our model shows that the con-
centration profiles of Kapb1 complexes themselves are
enough to create such an affinity gradient. The effect on
transport could be even more pronounced when the hetero-
geneous nature of FG nups is considered.

Recent results (42) suggest that cargo translocation is
chiefly characterized by directed motion rather than by
diffusive motion and that this directed motion is driven
partially by the rapid switching of FG nups between discrete
spatial positions. Our model is consistent with the idea of
transport as a directed-motion process, and suggests that a
dynamic affinity gradient may be a complementary mecha-
nism by which to achieve directed motion. The details of
how these two mechanisms interact with one another is
not clear, although we expect a synergy between competi-
tion, which biases the likelihood of binding events to favor
transport, and spatial switching, which rapidly pulls bound
cargo through the pore.
A testable prediction

The non-monotonic dependence of the cargo flux on the
cytoplasmic cargo concentration shown in Fig. 4 suggests
a straightforward experimental test. As shown in Fig. 4 d,
we expect that for low cytoplasmic concentrations u, the
flux will increase at a steeper rate than at high u.

We propose an experiment in which the cytoplasmic con-
centration of a cargo is varied, and the total amount of cargo
transported into the nucleus in a fixed amount of time is
measured. From this experiment, one can plot a graph of nu-
clear import rate versus cytoplasmic concentration. Our
model predicts that this graph will qualitatively match the
orange curve in Fig. 4 d: the slope of this curve for low
values of the cytoplasmic concentration will be larger than
the slope for high values.
Comparison to previous models

To our knowledge, both our proposed physical transport
mechanism and our mathematical approach are novel.
Most previous modeling work on the NPC has focused on
atomistic (2,43–45) and coarse-grained simulations
(8,12,33,46–50). This has illuminated many of the finer
points of nuclear transport, but the detailed nature of this
work makes it difficult to draw general conclusions about
the driving force behind cargo translocation.

Two related models of the NPC can be found in (51,52),
although our model differs importantly from each of them.
In (51), Zilman et al. use a prescribed effective energy land-
scape as well as Monte Carlo simulations to study the effect
of competition on pore entry. Our approach differs in that we
do not presuppose an energy landscape but rather allow one
to arise naturally, and we consider competition in a contin-
uum limit all along the length of the pore. In (52), Bickel
and Bruinsma use a derivation similar to our calculation of
pu in Eq. 2 to show that stochastic binding and unbinding
of elastic tethers can increase a particle’s spatial fluctuations.
Theirs is an important proof-of-concept model on the length-
scale of the space between individual FG repeats. In contrast,
we consider transport on the lengthscale of the entire pore.
CONCLUSION

We have proposed, to our knowledge, a new mechanism by
which cells achieve fast nucleocytoplasmic transport via a
thermodynamic interplay between FG nup elasticity and var-
iations in the affinity for FG repeats of Kapb1-containing
complexes. We support our proposal with a mathematical
model that shows, based on simple biophysical principles,
that small thermodynamic fluctuations in the position of
FG repeats can dramatically enhance the flux of cargo
beyond that of pure diffusion.
APPENDIX A: DERIVATION OF BINDING RATE kD

Consider a binding site at position x, anchored by an elastic spring to

position y. The Fokker-Planck equation describing the position of the

binding site is
Biophysical Journal 115, 108–116, July 3, 2018 113
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vp

vt
¼ D

v2p

vx2
� k

z

v

vx
ððy� xÞpÞ; (15)

for diffusion coefficient D, spring constant k, and drag coefficient z ¼
kBT=D, where pðx; tÞ is the probability density that the binding site is at

x at time t. The steady-state solution to Eq. 15 is

pssðxÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi

k

2pkBT

r
exp

�
� k

2kBT
ðy� xÞ2

�
: (16)

We interpret this as the fraction of time that a rapidly diffusing binding

site anchored at y spends near position x. If kþ0 is the probability per unit

time that a binding site at x attaches to a cargo at x, then the probability

per unit time that a rapidly diffusing binding site attaches to a cargo at x

is simply kþ0 pssðxÞ. We identify this as the distance-dependent binding

rate, and call it kþðy� xÞ.
APPENDIX B: STEADY-STATE DISTRIBUTION OF
TETHER BINDING

In this section, we derive Eq. 2 for the steady-state fraction of time puðx; yÞ
a tether at y spends bound to a complex at x. Let uðxÞ and vðxÞ be the

linear densities of the two Kapb1-containing complexes. If there is a sin-

gle tether anchored at y, then the probability that it is in a particular state is

given by

vpu
vt

¼ kþu ðy� xÞuðxÞpf ðy; tÞ � k�u ðy� xÞpuðx; y; tÞ; (17)

vpv þ �

vt

¼ kv ðy� xÞvðxÞpf ðy; tÞ � kv ðy� xÞpvðx; y; tÞ; (18)

Z N
pf ðy; tÞ þ
�N

ðpuðz; y; tÞ þ pvðz; y; tÞÞdz ¼ 1: (19)

Here pf ðy; tÞ is the probability that the tether is free at time t,

whereas puðx; y; tÞ and pvðx; y; tÞ are the probability densities that the

tether is bound to either a u or a v particle, so that
R xþdx
x puðz; y; tÞdz is

the probability that the tether is bound to a u complex in the interval

ðx; xþ dxÞ.
Solve the system in steady-state, we get

pf ðyÞ ¼ 1

1þ RN

�N
uðzÞKuðy� zÞdzþ RN

�N
vðzÞKvðy� zÞdz;

(20)

Kuðy� xÞuðxÞ

puðx; yÞ ¼

1þ RN

�N
uðzÞKuðy� zÞdzþ RN

�N
vðzÞKvðy� zÞdz;

(21)

Kvðy� xÞvðxÞ

pvðx; yÞ ¼

1þ RN

�N
uðzÞKuðy� zÞdzþ RN

�N
vðzÞKvðy� zÞdz:

(22)
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APPENDIX C: APPROXIMATION OF INTEGRAL
TERMS IN FuðxÞ
In Eq. 5, we give a closed-form expression for the total force FuðxÞ on all u
particles at position x. To derive this, we must approximate the integral

terms in Eq. 3, which gave

FuðxÞ ¼
Z N

�N

rðyÞkðy� xÞpuðx; yÞdy

¼
Z N

�N

rðyÞkðy� xÞuðxÞKuðy� xÞdy
1þ RN

�N
uðzÞKuðy� zÞdzþ RN

�N
vðzÞKvðy� zÞdz:

As discussed in the main text, we approximate these integrals in the case

where
ffiffiffiffiffiffiffiffiffiffiffiffi
kBT=k

p
is much less than the length of the pore.

We start with the integral
RN
�N uðzÞKuðy� zÞdz in the denominator.

The expression for Ku is

Kuðy� zÞ ¼ kþu;0
k�u

ffiffiffiffiffiffiffiffi
k

kBT

r
exp

�
� k

2kBT
ðy� xÞ2

�
: (23)

Let L be the length of the pore, and define e ¼ ffiffiffiffiffiffiffiffiffiffiffiffi
kBT=k

p
=L. Making the

substitution Z ¼ ðz� yÞ=e, the integral becomesZ N

�N

uðzÞKuðy� zÞ ¼ kþu;0
k�u L

Z N

�N

uðyþ eZÞexp
��Z2

2L
2

�
dZ

(24)

ffiffiffiffiffiffi
2p

p
kþ � �
¼ u;0

k�u
uðyÞ þ O e2 ; (25)

where the approximation on the second line comes from expanding

about e ¼ 0. Note that because the Gaussian term in the integrand is

even, the order E term vanishes.

The changes of variables for the other integrals are similar, and together

give

FuðxÞzkBTK
0
uuðxÞ

d

dx

�
rðxÞ

1þ K0
uuðxÞ þ K0

v vðxÞ
�
þO�e3�

(26)

as desired.
APPENDIX D: BOUNDARY VALUE PROBLEM FOR
u AND v

The conservation laws describing the evolution of u and v are

vu

vt
¼ �vJu

vx
;
vv

vt
¼ �vJv

vx
: (27)

We are interested in the steady-state rate of transport through the pore, so

we set the time derivatives to zero. From the expression for the dimensional

flux Ju in Eq. 6 and the analogous expression for Jv, we get the four

equations

J
0
u ¼ 0; (28)
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J
0 ¼ 0; (29)
v

 
0 0 0 0

!

Ju ¼ �Du u0 þ rK0

uu
u Ku þ v Kv�

1þ uK0
u þ vK0

v

�2 ; (30)

 
0 0 0 0

!

Jv ¼ �Dv v0 þ rK0

v v
u Ku þ v Kv�

1þ uK0
u þ vK0

v

�2 : (31)

Equations 30 and 31 can be solved for u0 and v0, which gives a system of

four ordinary differential equations for the four unknowns u, v, Ju, and Jv.

This system, together with the boundary conditions in Eqs. 7 and 8, describe

the boundary value problem to be solved.
APPENDIX E: NONDIMENSIONALIZATION

We rescale our mathematical model as follows. We choose the lengthscale L

to be the length across the pore. The natural energy scale is kBT, and so the

natural force scale is F ¼ kBT=L. Our non-dimensional equations simplify

nicely with the concentration scales U ¼ k�u =k
þ
u;0 and V ¼ k�v =k

þ
v;0. There

are many natural timescales, we choose the scale T ¼ L
2
=Du.

Define the functions buðbx;btÞ, bvðbx;btÞ by
uðx; tÞ ¼ Ubu�x�L; t�T�; (32)

vðx; tÞ ¼ Vbv�x�L; t�T�: (33)
Substituting bu and bv into the dimensional boundary value problem, then

dropping the hats over the resulting dependent and independent variables,

we obtain the non-dimensional system of Eqs. 9, 10, 11, 12, 13, and 14

from the main text.
APPENDIX F: ESTIMATE OF NONDIMENSIONAL
TETHER DENSITY

In this section we use physical data to estimate the magnitude of

the non-dimensional tether density a appearing in Eqs. 9 and 10. The con-

centration of FxFG repeats in the pore channel has been estimated at �50
mM (53,54). With a pore radius of �25 nm, this gives a dimensional

number per length of r �60 nm�1. This is related to the non-dimensional

tether density by lua ¼ K0
ur, where lu and a are both non-dimensional

and K0
u ¼ kþu;0=k

�
u . Recall that we set lu ¼ 1 in our study, so that lv is

the ratio of returning-chaperone to cargo affinity.

Recently reported dissociation constants for cargo complexes from FG

nucleoporins are given as ranging from Kd �25 nM to 500 mM (37). In

our model, the rate constant kþu;0 is in units of number per linear density

per time, so we again use the pore radius to convert from Kd to K0
u by the

formula Ku;0 �1=ðpð25nmÞ2NAKdÞ.
Fromthis,weestimate that thenonlinear tetherdensitya isbetween100and

106. As is clear from Fig. 2 b, there is significant flux enhancement even at the

bottom of this range, and the enhancement saturates well before the high end.
APPENDIX G: NUMERICAL SOLUTION OF MODEL
EQUATIONS

The model equations are straightforward to solve using standard tech-

niques. We developed solver code in Python using the SciPy (55) software
package and based on algorithms in (56,57) to perform the numerical inte-

gration. The code is available at https://bitbucket.org/ben_fogelson/

affinitygradient. Reproducibility of our results was ensured using the

Python packages Sumatra (58) and Pypet (59) to perform all numerical

experiments.
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