
Math 4600: Midterm Practice Questions

1. There are three molecules involved in a reaction: enzyme (E), a protein in the inactivated state (I),
the same protein in the activated state (A). Let C denote the protein-enzyme complex.

(a) Write a system of differential equations that describes the following situation:

• When inactivated protein reacts with enzyme, they form a complex. This occurs at rate k1.

• The complex can disassociate into inactivated protein and enzyme at rate k−1, or disassociate
into activated protein and enzyme at rate k2 (the backward reaction, A + E → C does not
occur).

• Activated protein can become inactivated at rate α.

(b) Use your ODE’s to show that the quantity (E + C) is a constant. Call this constant e0. Also,
assume the reactions: E + I 
 C (both directions) occur very quickly compared to all the
others; these two reactions remain in equilibrium (i.e. they are in a quasi-steady state). Use this
assumption to eliminate the variables C and E from your model; write a new system with just
the state variables A and I. Show and explain how this done.

2. Consider the following ODE

Ṫ = T (T 2 − 1)

(a) Find the steady states graphically, on the phase line. Also include direction arrows and state the
stability of the steady states.

(b) Confirm your stability results from (a) analytically.

3. Consider the following equation

v̇ = −(v − 1)(v + 1)(v − 2) + r

(a) Find steady states and their stability both analytically and graphically for r = 0

(b) Sketch a bifurcation diagram with r as the bifurcation parameter

4. Consider the following system of ODEs

ẋ = 2x− y
ẏ = −x+ y

(a) Find and plot the nullclines, steady state, and direction arrows in the phase plane.

(b) Find eigenvalues for the steady state. What kind of steady state is it?

5. Build a model for the spread of rumors in a town according to the following description:

• People can be informed about the rumor (I), uninformed (U) or disinterested (D - these are
people who know the rumor and dont care about it).

• If an informed person meets an uninformed one, the uninformed turns into informed with rate α
and into disinterested with rate β.

• Uninformed can also become informed by reading the local newspaper, this happens with rate δ.

• Informed people become disinterested at rate γ.

(a) Write equations for the dynamics of rumor spread.

(b) What will be the outcome for a town with population of size P? (hint: find the steady states
and their stability. However, after you write the equations and before you do anything to them,
reduce the system to 2 equations, using the total town population size P .)

6. Draw a schematic of the (periodic) arterial pulse. Describe what the heart is doing during each phase
of the pulse in terms of heart valves opening and closing, and heart chambers volume.
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7. Look at the following bifurcation diagram

(a) What kind of bifurcation is this?

(b) If the parameter s is large, and the initial condition is V = 0, where will this solution converge?
Mark it on the diagram.

(c) As a continuation of (b): if now s is slowly decaying to zero, sketch the corresponding time course
of V .

8. Using the phase plane with direction arrows below, sketch the qualitative time courses of x and y for
the two solutions marked with a square and a triangle.

9. Below is the diagram of a thermostat (basically, a bifurcation diagram illustrating bistability and
hysteresis). Horizontal axis is the slowly-changing room temperature, and the vertical axis indicates
how hard the heating device is working.

(a) Start with room temperature held steady at 80. What will the heating device do? Then allow
the temperature to vary in the following way: the temperature is increasing if the heating device
is on and is decreasing if the heating device is off. Mark on the diagram what will be happening.

(b) Sketch the time course of the temperature dynamics and on the same graph the time course of
the heating device dynamics.
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